In this paper, we study the structure of edge chromatic 6-critical graphs of three different classes by obtaining the bounds on the number of major vertices and the size.
Introduction
Throughout this paper, Let G = (V, E) be a simple graph with n vertices and m edges. The degree of a vertex v in G is denoted by d(v). A k-vertex in G is a vertex of degree k in G. Let ∆(G), δ (G)(or ∆, δ ) be the maximum degree and the minimum degree of G. The number of vertices of degree j is denoted by n j . The degree sequence of G is denoted by π(G) = 1 n 1 2 n 2 ...∆ n ∆ , where if n j = 0, then the factor j n j is customarily omitted in π(G). An edge colouring of a graph is a function assigning colours to the edges of the graph in such a way that any two adjacent edges receive different colours. A graph G is edge k-colourable, if there is an edge colouring of the graph G with colours from {1, ..., k}. The edge chromatic number or chromatic index of a graph G, denoted by χ (G), is the smallest integer k such that G is edge k−colourable. In 1964, Vizing [8] proved that if G is a simple graph of maximum degree ∆, then the edge chromatic number
, G is said to be of class one; otherwise G is said to be of class two. A graph G is said to be edge chromatic critical if G is connected, of class 2 and χ (G − e) < χ (G) for every edge e of G. If G is critical and ∆(G) = ∆ , then G is said to be ∆-critical.
Preliminaries
A well known fundamental result commonly known as Vizing's Adjacency Lemma(VAL) describes an important property of ∆-critical graphs. R1: Vizing's Adjacency Lemma [9] (VAL): In a ∆-critical graph G, if vw is an edge and d(v) = k, then w is adjacent with at least ∆ − k + 1 other vertices of degree ∆. In particular, G has at least ∆ − δ + 2 vertices of degree ∆. R2: Fiorini's Inequality [1] :
R4: Vizing's Conjecture [10] : If G is a ∆-critical simple graph with n vertices, m edges and ∆ ≥ 3, then m ≥ 1 2 ((∆ − 1)n + 3). This conjecture has been verified for the critical graphs with ∆ ≤ 6 [2, 3, 4, 7] . R5: ( Zhang [5] ) Let G be a ∆ -critical graph, xy ∈ E(G) and d(x) + d(y) = ∆ + 2. Then the following hold: (i) every vertex of N(x, y) − {x, y} is a major vertex (ii) every vertex of N(N(x, y)) − {x, y} is at least of degree ∆ − 1 (iii) If d(x), d(y) < ∆ , then every vertex of N(N(x, y)) − {x, y} is a major vertex.
Main Theorems
In this section, we study the structure of edge chromatic 6-critical graphs of three different classes. Throughout this section, we use the following notations: M denotes the set of all major vertices of G and N 2 , N 3 , N 4 , N 5 are the sets of all vertices of degree two, three, four and five respectively and 
Since k ≤ n 3 , n 6 ≥ 2n 2 + 9 2 n 3 + 3 2 n 4 + 1 2 n 5 . Now 2m = 2n 2 + 3n 3 + 4n 4 + 5n 5 + 6n 6 = 5n − 3n 2 − 2n 3 − n 4 + n 6 ≥ 5n − 3n 2 − 2n 3 − n 4 + 2n 2 + . Now 2m = 2n 2 + 3n 3 + 4n 4 + 5n 5 + 6n 6 = 5n − 3n 2 − 2n 3 − n 4 + n 6 ≥ 5n − 3n 2 − 2n 3 − n 4 + 2n 2 + Theorem 3.3. If G is a 6-critical graph such that every 3-vertex is adjacent with a 5-vertex, no 4-vertex is adjacent with any minor vertices and no major vertex is adjacent with both 4-vertex and 5-vertex, then n 6 ≥ 2n 2 + . 
Observations
The Vizing's bound on the size of 6-critical graphs is m ≥ • If G is a 6-critical graph in which each 3-vertex is adjacent with a 5-vertex and each 4-vertex is adjacent with another 4-vertex, then the improvement in Vizing's bound on size is attained in the following cases.
( * )n 2 = 0 and n 3 ≥ 2 ( * )n 2 = 0 and n 4 > 6 ( * )n 2 = 0 and n 5 > 6 ( * )n 2 = 0 and n 2 < ( * )n 5 > 6 + 2n 2 + n 3 − n 4 ( * )n 2 = n 3 = 0 and n 4 + n 5 > 6
• If G is a 6-critical graph such that every 3-vertex is adjacent with a 5-vertex, no 4-vertex is adjacent with any minor vertices and no major vertex is adjacent with both 4-vertex and 5-vertex, then the improvement in Vizing's bound on size is attained in the following cases.
( * )n 5 = 0 and n 4 > 9 + 3n 2 + 3 2 n 3 ( * )n 5 = 0 and n 5 > 6 + 2n 2 + n 3 − 2n 4 3 • An existing bound on the number of major vertices of edge chromatic 6-critical graphs given in R3 is n 6 ≥ 2n 2 + 
Theorem
Obtained bound on the number of The quantity major vertices (n 6 ) of edge by which the chromatic 6-critical graphs improvement is attained Theorem 3.1 n 6 ≥ 2n 2 + 
Conclusion
This paper gives new bounds on the number of major vertices and the size of three different classes of edge chromatic 6-critical graphs. Also, this paper lists the cases in which improvement of Vizing's bound is attained. Also improvement on Fiorini's bound on the number of major vertices is obtained in all the three classes of edge chromatic 6-critical graphs.
